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• i-H . Abstract 

X 

5^ ■ We retrieve the non-BPS extremal black hole superpotential of N = 

8, d = 4 supergravity by using the Maurer-Cartan equations of the 
symmetric space -gff^- This superpotential was recently obtained 
with different 3- and 4-dimensional techniques. The present derivation 
is independent on the reduction to d = 3. 



1 Introduction 



Recently, much progress has been obtained in the description of BPS and 
non-BPS extremal black hole (BH) flows in M ^ 2 super gravities in d = 4 
space-time dimensions [IJ [2l O HI [7] (see also Sect. 2 of [Sj). In 
particular, for all theories whose non-linear scalar sigma model is a symmet- 
ric spacd3, "superpotentials" W's exist for all BPS and non-BPS branches, 
thus yielding that the corresponding radial flow equations are of first order. 
Namely, the warp factor U of the extremal BH metric and the scalar field 
trajectories respectively read pQ: 

U = -e u W; (1.1) 
ft = -2e u g lj djW, (1.2) 

where W is related to the effective BH potential 

V BH = \z AB Z AB + ZiZ 1 (1.3) 

through 

V BH = W 2 + 2g ij diWdjW = W 2 + 2g ij ViWVjW. (1.4) 

Here Z denote the matter charges (absent e.g. in J\f = 8 supergravity) , 

and Zab = —Zba is the central charge matrix, entering the supersymmetry 
algebra as follows: 

{q%Q b } =e^Z AB {4> 00 ,Q). (1.5) 
Moreover, Eq. (|1.2p implies that attractor points 

ft = (1.6) 
correspond to critical points of W itself: 

diW = 0. (1.7) 

For BPS BHs 

W(c/ ) ,Q) = \z I \ max ^,Q), (1.8) 

where Q is the symplectic charge vector, and |-z/| max is the highest abso- 
lute value of the skew- eigenvalues z/'s of Zab- Furthermore, the ADM 
mass Madm [2] is related to W through (r denotes the radial coordinate 
throughout) 

M\ DM = lim W 2 . (1.9) 

r— «xj 

1 Note that this is always the case for Af > 3, d — 4 theories. 
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The Bekenstein-Hawking entropy- area formula [10] exploits as follows: 



Si, " [Q) A ' U - W 2 =W\ W= =W 2 (^ H (Q),Q), (1.10) 



7T 



47T r Z+ l9W =° 



where rjj and An respectively stand for the radius and the area of the event 
horizon of the considered extremal BH, and 4>h (Q) denotes the set of scalar 
fields at the horizon, stabilized in terms of the charges Q. 

Explicit ways of constructing W has been given in [21 El E] by using 
different methods, e.g. based on the J\f = 2 stu model [SJ [7J or on three- 
dimensional techniques [6]. All these exploit the fact, as generally proven in 
@], that 

W = W{i n {4>,Q)), (1.11) 

where i n (4>, Q)'s (n = 1,...,5) are duality invariant combinations of the 
scalars cj) l, s and of charges Q [131 [5]. A polynomial in i n 's gives the (unique) 
scalar-independent duality invariant I(Q) [HI [121 [13]. In the J\f = 2 case, 
it reads [El [5]: 

T= {h -i 2 ) 2 + 4i 4 - k- (1.12) 

It is worth remarking that in the considered framework the symplectic vector 
of charges Q must belong to a non- degenerate (i.e. with X ^ 0) orbit of the 
[/-duality group [HCEICE]. 

In particular, X is quarticH in charges Q for all rank-three Af = 2 sym- 
metric spaces [IT], as well as for J\f = 8 supergravity (see Eqs. (|2.8p - (|2.12p 
below). Moreover, since J\f ^ 3, d = 4 supergravities all have symmetric 
scalar manifolds, they all admit W J s for their various scalar flows, i.e. for 
each different orbit of the charge vector [14} [T5l [T6] . 

For M = 8 supergravity, it follows that 

W = W(p ,pi,p2,P3,tp), (1-13) 

where pi's (I = 0,1,2,3 throughout) are the absolute values of the skew- 
eigenvalues of Zab-, whose SU (8)-invariant phase is 99 (see Eq. (|2.ip be- 
low). In [20] the explicit expressions of pi's and tp were computed in terms 
of the four roots of a quartic algebraic equation, involving the quantities 
(Tr (ZZ^^ m+ (m = 0, 1, 2, 3), as well as the quartic invariant Z4 (see e.g. 
Eqs. (|2.10p and (|2.1ip below, and also the treatment in [13j). 

As shown in [21], two different branches of attr actor scalar flows exist, 
namely the |-BPS and the non-BPS branches. Note that W exhibits the 
same flat directions of Vbh at its critical points; such flat directions span 
the moduli spaces su(6) 6 xSU{2) (-^ 4 ^ ^' see Q2.2ip below) and [7^7^ 
(J 4 < 0, see Eq. (p^6]) below) [23]. 



2 The quartic invariant I4 of Af = 4 theories was derived in [181 fT9 
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This paper is devoted to the derivation of the W J s for both these branches. 
This is done by exploiting the {d = 4) Maurer-Cartan equations of the excep- 
tional coset ^ (see e.g. [H] and Refs. therein). We will show that, while 
Wbps is given by the highest absolute value of the skew-eigenvalues of Zab 
(consistent with Eq. (|1.8p ). W n BPS is (proportional to) the USp (8)-singlet 
of the 28 of SU (8). These results extend to the whole attractor scalar flow 
the expression of W which was known for both BPS and non-BPS attractor 
solutions after [21] (see also e.g. |25j). Our investigation and derivation is 
complementary to [6], where the expression of W u bps was obtained by mak- 
ing use of the nilpotent orbits of the d = 3 geodesic flow obtained through a 
timelike reduction (see e.g. [23 123 ESI 1221 EQl EH E21 E3! , and Refs. therein). 

The paper is organized as follows. 

In Sect. [5] we recall the SU (6) x SU (2)-covariant normal frame of M = 
8 supergravity, which we dub "special" normal frame, and we show that 
Maurer-Cartan Eqs. yield a partial differential equation (PDE) for W, whose 
simplest solution is the BPS superpotential Wpps- 

Sect. [3] is devoted to the analysis of the USp (8)-covariant normal frame 
of J\f = 8 supergravity (see e.g. the analysis of [331 E5], and Refs. therein), 
which we dub "symplectic" normal frame. We show that in such a normal 
frame the Maurer-Cartan Eqs. yield a PDE for W, whose simplest solution 
is the non-BPS superpotential W n pps- W's are nothing but the singlets in 
the decomposition of the 28 of SU (8) into the maximal compact subgroup of 
the stabilizer of the corresponding supporting charge orbit, i.e. respectively 
into SU(6) x SU(2) (BPS) and USp (8) (non-BPS). 

Derivations of some relevant formulae are given in the Appendix, which 
concludes the paper. 



2 Special Normal Frame 



Following [36, 37, 38J, through a suitable SU (8) transformation the complex 
skew-symmetric central charge matrix Zab {A,B = 1, ...,M = 8 in the 8 of 
■/^-symmetry SU (8)) can be skew-diagonalised, and thus recast in normal 
form (see e.g. Eq. (87) of [2], adopting a different convention on the 2x2 
symplectic metric e; a = 1,2,3 throughout; unwritten matrix components 
do vanish throughout): 



/ z 



SU(8) 



Zab 

Po,p a G M + , <p G [0,87T), 



Z-2 



\ 



\ 



( Po 



(g> e = e 4 



Pi 



Pi 



\ 



P3 ) 



(2.1) 



3 



where 

1 
-1 



(2.2) 



Notice that the second line of Eq. (|2,ip can be obtained from the first one 
by performing a suitable (?7(1)) 3 transformation. 

The general definition (jl.3p of effective BH potential Vbh thus yields 





= Z12 


= Poe 1 *; 


Zl 


= Z34 


= Pie 1 


Z2 


= Z 56 


= p2^ ; 


Z3 


= Z 78 


= P2,e 1 ^- 



Vbh = Po + Pi + P2 + Pi (2.3) 

Therefore, in the normal frame defined by (|2.1|) the non-vanishing com- 
ponents of Zab reads as follows: 

(2.4) 
(2.5) 
(2.6) 
(2.7) 

Within this parametrization, the (unique) quartic invariant X4 of the 56 
of the £/-duality group £7(7) (see e.g. [121 S3]) an d Refs. therein) 

T 4 = Tr {zZ^ZZ^j - ^Tr 2 (zZ^j + 2 s Re [Pfaff (Z)] ; 

(2.8) 

Pfaff (Z) ^ ^e ABOT ^ G "Z AB Z CD Z£ F Z G „, (2.9) 

reads as follows (see e.g. [39J): 

24 = "52 Pi ~ 2 /^2piPj + 8p piP2P3 cos 99 = (2.10) 
/ /<J 

= (PO + Pi + P2 + /O3) (PO +P1-P2- Pz) • 
• (PO - Pi + P2 - P3) (P0 - Pi - P2 + P3) + 
+8p PlP2P3 (cos <p - 1) . (2.11) 



The Pfaffian of Z^s, defined by Eq. (|2.9p . simply reads 

Pfaff (Z) = Z 12 Z 3 4Z 56 Z 78 = [] Pl . (2.12) 

j 

It is worth remarking that the skew-diagonal form of Zab given by Eq. 
(|2.ip is "democratic ", in the sense that it fixes the phases of the four skew- 
eigenvalues 

zi = pie lLpi (2.13) 

of Zab to be all equal: 

<P0 = <Pl = <P2 = <P3 = (2.14) 
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Actually, this implies some loss of generality, because SU (8) only constrains 
the phases of z/'s as follows: 

V?o + <p\ + W + ¥>3 = <P- (2.15) 

Up to renamings, without loss of generality, the |z/|'s can be ordered as 
follows: 

Po > Pi > 92 ^ 93- (2.16) 

Notice that p/'s are U (8) invariant, whereas the overall phase ip is invariant 
under SU (8), but not under U (8). 

It turns out that the special skew-diagonalization (|2.ip is particularly 
suitable for the treatment of the g-BPS ( "large") attractor flow, as shown 
in the following Subsection. 



2.1 Attractor Solutions 



In the special normal frame (|2.ip . the two attractor solutions of N = 8, 
d = 4 supergravity read as follows (see e.g. [21], [M], and Refs. therein; see 
also the analysis of [35] for further detail): 



I-BPS: 



Po = PBPS G KJ; 
Pi = P2 = P3 = 0; 

ip undetermined, 



thus yielding: 



J AB,i-BPS 



e l 4 Pbps 



( 1 



V 



o J 



where 



2^4 (Qbps) = Pbps (Qbps) > 0, 



E> 

QBPS G ®l-BPS,non-deg = ~p 

8 ' a ti,. 



7(7) 



6(2) 

with maximal compact symmetry SU (6) x SU (2). 
Non-BPS: 

PO = Pi = 92 = P3 = PnBPS S M£; 
lf = TT, 



(2-17) 
(2-18) 
(2-19) 



(2.20) 
(2-21) 
(2.22) 



(2.23) 
(2.24) 
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thus yielding: 



ZAB,nBPS = e 1 4 PnBPS^AB] 



(2.25) 



J 4 (Q 



where 



nBPS) 



&AB 



^PnBPS (QnBPs) < 0, 



Z 1 



V 



1 / 



is the 8x8 metric of USp(8), and 



QnBPS £ O n BPS 



E. 



7(7) 



E, 



6(6) 



with maximal compact symmetry USp(8). 



(2.26) 



(2.27) 



(2.28) 



2.2 Maurer-Cartan Equations and PDE for W 

Let us now consider the Maurer-Cartan Eqs. of M = 8, d = 4 supergravity 
(see e.g. [21] and Refs. therein): 



(2.29) 

1, ...,70) of the real 
(2.30) 



where the Vielbein 1-form Pabcd = Pabcd Ad$ l 
homogeneous symmetric scalar manifold 



E. 



7(7) 



SET (8) 



sits in the 4-fold antisymmetric 70 of SU (8), and it satisfies the self-dual 
reality condition (see e.g. 



(2.31) 



Pabcd = P\abcd\ = ^abcdefghP EFGH ■ 



In order to simplify forthcoming calculations, it is convenient to group 
SU (8)-indices as follows: 

12 0;34 -> 1;56 -> 2; 78 3. (2.32) 

Thus, for a generic skew-diagonal Z^b, Maurer-Cartan Eqs. (|2.29f) read 



X 2 3 

Poi,iZ + Po2,iZ + P()3,iZ 

— — 2 — 3 

PqIaZ + P\2aZ + Pl3iZ 



P02,iZ + P\2,iZ + P23,iZ 

1 2 

P()3,iZ + Pi3^Z + P23 t iZ . 



(2.33) 
(2.34) 
(2.35) 
(2.36) 



By disregarding the reality condition (|2,3ip of the Vielbein Pabcd, 
within the considered special normal frame (|2.ip one can determine the 
PDE for W in an easy way. Indeed, Eqs. (|2.29p yield 



2iVi (In Z/ - In Z 



2 
Pi 



(2.37) 

(i e^^ViZ - i e-^^ViZij . 

(2.38) 



Consequently, the total covariant differential of W generally reads (the sum 
is expanded in Eq. (|A.7|) ) 



ViW = \Y, {e iv/2 (W IPJ + Wjpi) + e -^ 2 e IJKL (W K p L + W L p K ) } P u , 

(2.39) 



KJ 

where the quantity 



dW i dW 

W! = — + 



(2.40) 



dpi pi dtp 
was introduced. 

By performing various steps (detailed in App. A, see Eqs. (fA~|) - (|A.6j) 
therein) and recalling Eq. (|1.4|) . the final PDE for the fake superpotential 
W reads: 



f \{Wipj + Wjpi)\ 2 + 



w 2 + £ 



(2.41) 



= + Pi +P2 + pI, 

where all terms of the sum can be found in Eq. (|A.9p . 

As a consequence of J\f = 8 supersymmetry, Eq. ()2.4ip is fully symmetric 
in {po, pi, p2, /O3}, and it is straightforward to check that any the pi's is a 
solution. Following [2], a natural Ansatz for N = 8 solutions is a linear 
combination of the skew eigenvalues (with constant coefficients): 



(2.42) 



7=0 



In this way, the 1-BPS solution reads (a = 1, 2, 3) 



a = 1, a a = 0. 



(2.43) 
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Due to the asymptotical meaning of W itself as ADM mass (see Eq. (jl.9p ) , 
this corresponds to choosing 

Wi BPS = po, (2.44) 

8 

namely the highest of the absolute values of the skew-eigenvalues of Zab 
as given by ordering (|2.16p . as the solution with the physical meaning of 
superpotential. 

For non-BPS attractor flow, Ansatz f|2.42|> produces [2] 

W nB ps = 2 (Po + Pi + P2 + Ps) , (2.45) 

which however is not the most general one. Indeed, W n BPS given by Eq. 
(|2.45p is a solution iff the phase is fixed as 

cp = 7T, (2.46) 

thus not describing the most general flow with all five parameters, but rather 
a particular case with double- extremal phase (see Sect. [3]). 

Let us notice that the result (|2.44p is an extension to the whole attractor 
flow (i.e. for all range of the radial coordinate r G (— oo,0]) of the well- 
known fact that the solution of the |-BPS solution to the N = 8 Attractor 
Eqs. is obtained by retaining the singlet in the decomposition of SU (8) with 
respect to the stabilizer of the |-BPS non- degenerate charge orbit, namely 

P2H23H21I23|: 

E m -» SU(8) -» SU(Q) x SU{2) x U(l); 

56 -» 28 + 28-^(15, 1) +1 + (6, 2)_ 1 + (1,1)_ 3 + 

+ (T5,l)_ 1 + (6,2) +1 + (l,l) +3 , (2.47) 

where the subscripts denote the charge with respect to U (1). The corre- 
sponding extension to the whole |-BPS attractor flow amounts to stating 
that the superpotential governing the evolution is given by the "singlet sec- 
tor" (l,l) +3 + (1, l) +3 in the decomposition (|2.47p . In the normal frame 
(PO) . by recalling Eqs. (nil | - (|277]) and splitting the index of the 8 of SU (8) 
as A = a, a, with a = 1, 2 and a = 3, 8 (consistently with (|2.47j ). it then 
follows that 

Wi_ BPS = \Z 12 \ =pq. (2.48) 

3 Symplectic Normal Frame: 

Maurer-Cartan Equations and PDE for W 

This Section is devoted to the derivation of the non-BPS "fake" superpo- 
tential uniquely from Maurer-Cartan Eqs., with suitable boundary horizon 
conditions. 
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We will obtain W n BPS as a solution of the Maurer-Cartan Eqs. in a 
suitably defined manifestly USp (8)-covariant normal frame [6], in which 
maximal compact symmetry USp (8) of the non-BPS charge orbit |22j 
is fully manifest (see e.g. also the treatment of [2SJ [Ml E5])- As it will be 
evident from subsequent treatment, such a normal frame is generally and 
intrinsically not "democratic" (in the meaning specified at the start of Sect. 

ED- 

In order to derive the non-BPS "fake" superpotential from the geomet- 
ric structure encoded in the Maurer-Cartan Eqs., we extend to the whole 
attractor flow the well-known fact that the non-BPS solution of the N = 8 
Attractor Eqs. is obtained by retaining the singlet in the decomposition of 
SU (8) with respect to the stabilizer of the non-BPS charge orbit, namely 
[Ullini [25]: 



E 7{7) -» SU(8)^USp(8); 

56 -> 28 + 28 -> 27+1 + 27' + l', (3.1) 

where the priming distinguishes the various real irreprs. of USp (8), namely 
the rank-2 antisymmetric skew-traceless 27^ and the related skew-trace 
l('). The corresponding extension to the non-BPS attractor flow amounts 
to stating that the superpotential governing the evolution is given by the 
"singlet sector" 1 + V in the decomposition (|3.1|) . 

The branching (|3.ip corresponds to decomposing the skew-diagonal com- 
plex matrix Zab (within the generic normal frame given by the first line of 
Eq. (|2,ip ) into its skew-trace and its traceless part. This amounts to intro- 
ducing the following quantities: 

{z = b + ci + c 2 + c 3 ; r b = \ (z + £ a z a ) ; 

<=M , ^ (3 - 2) 
Za = b - C a ] [ C a = \ (z + J2a Z a- 4z a ) , 

thus yielding 

Zab = b FLab + %,ab, (3.3) 

with b and Tq respectively being (half of) the skew-trace and the skew- 
traceless part of the skew-diagonal complex matrix Zab (within the generic 
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normal frame given by the first line of Eq. (|2.1 



b = -Z AB ^L 



AB. 



( a + c 2 + c 3 



%,AB = Zab — -^Zcd^ CD ^AB 



"Ci 



-C2 



-C 3 / 



(3.4) 

<8> e, 
(3.5) 



where VI ab is the 8x8 metric of USp (8) defined in (|2.27p . 

Following the same steps as in Sect. [2j with details explained in App. 
A (see Eqs. (lATT^ - fjAlijl therein), aft er some straightforward algebra, one 
achieves the following result (recall a = 1, 2, 3 throughout): 



VWVW = 

— 1 / zipj ( h dW \^ n 9W \ J- (r> -L n \ ( 9W j_ dW j_ dW 



+ 



—2ilm 



(C2 + c 3 ) ^-^ a ^J+ 26 + + + 



+ 



+ 

-2ilm 



,8W 



,;T Ea C a|^) + ( C l + C 3y V ,F, ,F, ~ r ,/F :; ; 
^ -L^fSW <9W\ , oh ( 9W 8W , dw\ , 

, 9 ( „ dw dw I 

+ 2 95T ~ C2 5Ej + C 3 9^ J 



f sj/ _ <m_ _|_ ay ^ 



+ 



+ 



+ 



4i?e 
—2ilm 



„ QiZ^i i „ ^ faw i aw aw\ 



(Cl + C 2 ) 



+ 



V 96 



+ 26 



+ 



+2(01^ + 02^-03^1 



a Sc a / \ dci ' dc2 dc3 / 

2 



+ 



(3.6) 



In order to proceed further, group theoretical arguments based on the 
reality of the 27 and 27' of USp (8) (see Eq. jlTED) allow for the following 
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change of parametrization of the traceless part Tq ; ab (see Eq. (|3.3 



c a = £»27. a exp 







/ dCa \ 













V 



(3-7) 

where, with a slight abuse of language, £> 2 7's generally denote the degrees 
of freedom pertaining to the traceless part Tq^b of Zab (see Eq. (|3.3p . and 
reasoning made above). Moreover we split the skew-trace into its real and 
imaginary part 

b = x + iy , x, y eR. (3.8) 

The reasoning made at the start of the present Section (see Eqs. (|3.ip and 
(|3.3p ) implies the non-BPS "fake" superpotential W n BPS to be related to 
the skew-trace b. 

We now proceed by formulating the Ansatz that b is independent on 
all ^27's introduced in Eq. ([377]). As we will see below, this corresponds 
to a natural decoupling Ansatzo for the PDE (|3,10p satisfied by W, which 
will yield to (the) simple(st) solution. This yields the vanishing of all the 
derivatives of W with respect to c a 's. Thus, Eq. (|3.6p reduces to 



vwvw 



12 [x 



+ 



dx 



8W \ , 
9y ) + 



(£27,1 + £'27,2) 2 + (£27,1 + £>27,3) 2 + (^27,2 + 027,3) 2 

cos/^-sin/3^ ' 



(3.9) 



so that the whole PDE for the W reads 



W 2 - I 12 (x— — 
4 | \ dx ^ dy 



+ A 



27 



BW n dW s 
cos p— smp- 



dy 



dx 



where the quantity (symmetric in {£>27,i> £>27,2> £27,3}) 

A 2 7 = (^27,1 + £>27,2) 2 + (^27,1 + £>27,3) 2 + (^27,2 + £>27,3) 2 



4 (x 2 + y 2 ) + A 27 , 
(3.10) 



(3.11) 



was introduced. 

Eq. (|3,10p is a non-linear PDE in the real functional variables x and y. 
The previous statement that b is independent on all £> 2 7's yields that 



x/z(A 27 ); y/y(A 27 ) 



(3.12) 



3 We should also note that this Ansatz holds for the particular solution (I2.45|l . with 
(3 = -f + 2kn (k £ 1) but dW 0. 
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Under position (|3.12p . PDE (|3.10p naturally decouples in the following sys- 
tem of PDEs: 



2 



dW dW\' 

cos/3^- -sin/?^- = 4. (3.14) 
ay ox J 

PDE (|3.13|) admits the solution (symmetric in x and y) 

3 

W(x,y)= (xl+ylY, (3.15) 



which plugged into PDE (|3.14p yields the following algebraic equation for x 
and y in terms of f3: 

.2/3 , ,3/3\ rnR a _ 1/3 • a\ 2 = ,.2/3,2/3 



x 2/d + y 2/3 J (x i/3 cos /? - y vli sin /3J = x 2/ V 7 • (3-16) 
Eq. (|3.16p is in turn solved by (factor 2 introduced for later convenience) 

x = -2 £ »sin 3 /3, y = 2gcos 3 (3 , (3.17) 
where g is a real strictly positive number: 

g£R + . (3.18) 

In solution (|3.17p g is an arbitrary parameter, whose introduction is possible 
as a consequence of the homogeneity of degree of algebraic Eq. (|3,16p in x 
and y. In other words, g can be understood as an integration constant whose 
meaning has to be clarified by imposing proper boundary conditions. This 
is the case for the requirement of positivity of g which is an asymptotical 
boundary condition due to the physical meaning of W that defines the ADM 
mass Madm at radial infinity (see Eqs. (|1.9p and (|3.19p ). Thus, Eqs. (|3.15D 
and (|3.17|) yield that the final solution for W reads as follows: 

W(x,y)=2g. (3.19) 

By recalling Eqs. (|3.3|) - (|3.5|) and (|3.7|) . in the resulting manifestly USp (8)- 
covariant normal frame the central charge matrix Zab can thus be written 
as: 

Zab = 2 (cos 3 (3 + i sin 3 0) i g Q A b + 

( 027,1 + £27,2 + £27,3 \ 

— £27,1 

— £27,2 

\ -£27,3 / 



+ exp (—i/3) 



€. 



(3.20) 
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Eq. (|3.20p determines a parametrization of the symplectic normal frame 
(|3.3p - (|3.5p which is "minimal", because it contains only five parameters (see 
e.g. [391 E], an d Refs. therein) , namely {/3, £27,1, £27,2, £27,3} • 

In order to consistently characterize solution (|3.19p as the non-BPS 
"fake" superpotential, one can use the boundary condition at the horizon of 
non-BPS BH. To this end we notice that (see reasoning at the start of the 
present Sect.) at non-BPS critical points of Vbh,M=8 we have 

£"27,1 = £27,2 = £27,3 = (3-21) 

so that the parametrization (|3.20p reduces to 

Zab,uBPS = 2 (cos 3 flnBPS + i sin 3 (3 n BPs) i QnBPS^AB- (3.22) 
This last equation has to be compared with Eq. (|2.25p . to get: 

2 (COS 3 PnBPS + i Sin 3 (3 n BPs) i QnBPS = e^PnBPS, (3.23) 
whose splitting in real and imaginary parts respectively yields: 

V2 (sin 3 l3 nB PS ~ COS 3 (3nBPs) QnBPS = PnBPS] (3-24) 
COS 3 PnBPS sin 3 PnBPS = 0. (3.25) 

The unique solution of the system (|3.24|) - (|3.25|) (consistent with Eq. (|3.18|) ) 
is found to be 

PnBPS = -j + 2kn,k£Z. (3.26) 

QnBPS = PnBPS- (3.27) 

In particular Eq. (|3.26p hints the following redefinition of the angular pa- 
rameter: 

= a-j, (3.28) 

which yields the parametrization considered in [6] (up to an overall factor 
2, and with obvious renamings). 

The non-BPS nature of the solution (|3.19p implies the Z4 of the 56 of 
£?7(7) (given by Eqs. (|2.10p and (|2.1ip in the special normal frame (|2.ip ) to 
be negative. To show this, we rewrite Z4 in the manifestly USp (8)-covariant 
parametrization (|3.20|) . obtaining [B] 

J 4 = -2 4 sin 2 2(3 (g sin 2/3 - £ 2 7,i-£27,2-£>27,3) (£»sin2/3 + g 2 7,a) , 

(3.29) 

which evaluated at the horizon of non-BPS BH reads: 

Zi,nBPS = -2 4 QnBPS sin& ( 2 PnBPs) ■ (3-30) 
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Using Eqs. (133BD and <KT7\i . Eq. (EQ)]) implies 

l4,nBPS = ~2 4 PnBPS = ~ W nBPs\ nB PS < °> ( 3 - 31 ) 

which confirms the function W given by Eq. (|3.19j) to be the non-BPS 
"fake" superpotential of M = 8, d = 4 supergravity: 

W nBPS = 2q. (3.32) 

Thus, W n BPS given by Eq. (|3.32[) has been proved to be the simplest 
solution of the PDE (|3.10p . determining the non-BPS "fake" superpotential 
of J\f = 8, d = 4 supergravity. The proof given in the treatment performed 
above relies completely on the geometric data encoded into Maurer-Cartan 
Eqs. (with suitable consistent boundary horizon conditions), and it is alter- 
native with respect to the treatment given in [6]. 

As the special normal frame (|2.ip has been proved in Sect. [2] to be more 
suitable to derive (and describe) |-BPS attractor flow, so the symplectic 
normal frame (|3.20p has been proved in this Sect, to be more suitable to 
derive (and describe) non-BPS attractor flow. 

The expression of g in terms of the five parameters {po, p±, p2, P3, f} of 
the special normal frame (|2.ip is not trivial, and it is thoroughly treated in 
App. B of [6]. In general, g 2 turns out to satisfy an algebraic equation of 
order six with coefficients depending on {po, pi, p2, P3, ip} and their (scalar- 
independent) combination T4, as given by Eq. (B.14) of [6] (see also the 
discussion in [7]). 

Thus, in general g 2 seems not to enjoy an analytical expression. How- 
ever, (at least one of the) solutions of Eq. (B.14) of [6] is a solution of 
PDE (|A.9p . yielding W n BPS m the special normal frame (|2.ip . Analogously, 
Wi_ BPS given by Eq. (|2.44p . suitably translated in the notation of the sym- 
plectic normal frame (|3.20p (see treatment of App. B of [6j), is a solution of 
PDE (|3.10p . yielding Wi_ BPS in the symplectic normal frame (|3.20p . Fur- 

8 

thermore, it is here worth mentioning that, through a suitable re- writing in 
J\f = 2 language, the results of [51 El [7] are solutions of PDEs (|A.9p and/ or 
(|3.10p (eventually through additional reductions to st 2 or t 3 models El [7] ) . 
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A Computational Details 

In this Appendix we collect details of the computations determining the 
various formulae of the present paper. 

• Concerning Sect. [2 the details are listed below. Within the index 
reduction (|2.32|) . the basic multiplication rules for the vielbein 



PabcdP EFGH 
PabcdPefgh 



srEFGH . 
°ABCD i 

tABCDEFGH 



(A.l) 
(A.2) 



recast as 



PijP KL 
PijPkl 



Oj Oj, 



(A.3) 
(A.4) 



cijkl = \eijKL\ ■ 
Furthermore such rules and Eqs. (|2.29|) yield 

VZjVZj = e IJKL Z K Z L ; (A.5) 
VZ/VZj = 5 I j\Z I \ = 6 I jp I . (A.6) 

Using (|A.4j) and he fully explicited form of Eq. (|2.39|) which reads 



ViW 



+ 
+ 
+ 
+ 
+ 



e ilp/2 (W oPl + Wipo) + e~ ilp/2 (W 2P3 + W 3 p 2 ) 
e ilp/2 (W oP2 + W 2 p ) + e~ ilp/2 (W lP3 + W 3Pl ) 
e iv/2 (W oP3 + W 3Po ) + e~ iLpl2 {W lP2 + W 2Pl ) 
e ^/ 2 (W lP2 + W 2 pi) + e~^l 2 (TUo/53 + W 3Po ) 
e**/ 2 (W lP3 + W 3Pl ) + e~ ilp/2 (W oP2 + W 2Po ) 



e ^/ 2 (W 2P3 + W 3P2 ) + e~ iLp ' 2 (W QPl + W x 



Po 



P23 

Pl3 
Pl2 
Po3 
P02 

P01}, 
(A.7) 
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it can be computed that 



1 



g^ViWVjW = -{\ (W pi + Wpo) \ 2 + | (W 0P 2 + W 2 po) | 2 + I (W p 3 + W 3 p ) | 2 + 



+ | (W lP2 + W 2 pi) | 2 + I (Wip 3 + W 3 pi) | 2 + I (W 2 p 3 + W 3 p 2 ) | 2 + 



+ [e* (W pi + W lPo ) (W 2 p 3 + W 3 p 2 ) + e-^ ( W,Pi + Wip Q ) (W 2 p 3 + W 3 p 2 )] + 

+ [e iLp (W oP2 + W 2Po ) (W lP3 + W 3 p\) + e-* {W p 2 + W 2 p ) {W lP3 + W 3Pl )} + 

+ [e iv (W oP3 + W 3PQ ) (W lP2 + W 2 pi) + e-** (F Q p3 + W 3 p ) (fift + W 2 pi)] } , 

(A.8) 



that, in turns, gives the following expanded form of PDE (I2.4ip 
W 2 + 

+ {\ (Wb/5i + Wipo) I 2 + I (W p 2 + W 2 p ) I 2 + I (W p 3 + W 3 p ) | 2 + 
+| (W1P2 + W 2 pi) I 2 + I (Wip 3 + W 3 pi) | 2 + I (W 2 p 3 + W 3 p 2 ) l 2 + 
" (W pi + Wipo) (W 2 p 3 + W 3 p 2 ) + 
_ +e-* {Wopi + Wipo) (W 2 p 3 + W 3P2 ) 
' (Wop 2 + W 2 p ) (W x p 3 + W 3 pi) + 
_ +e~^ (W oP2 + W 2Po ) (Wip 3 + W 3 pi) _ 
(W p 3 + W 3 p ) (Wip 2 + W 2 pi) + 
+e-*v {W p 3 + W 3 po) (Wip 2 + W 2Pl ) 



+ 



+ 



+ 



+ 



+ 



pI + p\ + pI + pI- 



(A.9) 



• Concerning Sect. El the details are listed below. 

Within parametrization (|3.2|) - (|3.5|) . the Maurer-Cartan Eqs. (|2.33|) - 
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V6 



Vc 



(|2,36p read as follows: 

Poi (26 + c 2 + c 3 ) + P02 (26 + ci + c 3 ) + 
+P 03 (26 + ci + c 2 ) + Pi 2 (26 - ci - c 2 ) + 
+P13 (26 - ci - c 3 ) + P 23 (26 - c 2 - c 3 ) 

Poi (-26 - 4ci - 3c 2 - 3c 3 ) + P 02 (26 + ci + c 3 ) + 
+P 03 (26 + ci + c 2 ) + P 12 (-26 - ci + 3c 2 ) + 
+P 13 (-26 - ci + 3c 3 ) + P 23 (26 - c 2 - c 3 ) 

Poi (26 + c 2 + c 3 ) + P 02 (-26 - 3ci - 4c 2 - 3c 3 ) + 
+P 03 (26 + ci + c 2 ) + P12 (-26 + 3ci - c 2 ) + 
+P 13 (26 - ci - c 3 ) + P 23 (-26 - c 2 + 3c 3 ) 

Poi (26 + c 2 + c 3 ) + P 02 (26 + ci + c 3 ) + 
+P 03 (-26 - 3ci - 3c 2 - 4c 3 ) + Pi 2 (26 -c x - c 2 ) + 
+Pi 3 (-26 + 3ci - c 3 ) + P 23 (-26 + 3c 2 - c 3 ) 



(A.10) 



(A.ll) 



Vc 2 



(A.12) 



Vc 3 



(A.13) 

Then, by following the same steps as in Sect. [5J after some algebra, 
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one achieves the following result (recall a = 1, 2, 3 throughout): 
VW = 



Pi 



01 



+p»-«-*)(SF+E.fl£) + 



9c a / 



"4 ((6 -<*)g + (&-<*)!£) 
-4(& + ci+c 2 + c 3 ) 9W 



+ 



9ci 



+ 



+^02 



(26 + *+*) (^+£ a ff 



"4 ((^-^^ + (6-03)^) 
-4(6 + c 1 + c 2 + c 3 )f| 



+ 



+ 



+^03 



(26 + ci + c 2 ) 
+ (26 - ci - c 3 



91V I cWM , 

1 9b ^ a dca I 



+ 



Cl 



+ (6 



-4(6 + c 1 + c 2 + c 3 )|| 



+ 



+Pl2 



26 - ci 



c 2 ) + £.§£) + 
+ (26 + c 1 + C3 ) fe + £ a ff) + 



_4(6 + Cl + C2 + C3 )^ 



+^13 



+ (26 + ci + c 3 ) 



9b 



-4 6-ci 



-A 9W 

dc 3 



-4(6 + Cl + C2 + c 3 )^ 



w. _i_ v 9V1/ N \ 

dW 



+ 



+^23 



+ 



+ (26 + c 2 + c 3 
- \ aw 



(dW dW} 



V db ^ a ^Ca 

-4((b-c 2 )f| + (6-c 3 )f|) + 



+ 



> . 



-4(6 + ci + c 2 + c 3 ) 

(A.14) 

It is worth noticing that the coefficient of the vielbein Pjj (recall 
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/ = 0, 1, 2, 3 throughout) is the complex conjugate of the coefficient of 
PkLi with K,L ^ I, J. In other words, in order to compute the term 
VWVW one has just to sum up the squares of the real and imaginary 
part of each coefficient, thus obtaining Eq. (|3.6p . 
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